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Abstract—
 
The most commonly used weighted least square state 
estimator in power industry is nonlinear and formulated by using 
conventional measurements such as line flow and injection 
measurements. PMUs (Phasor Measurement Units) are gradually 
adding them to improve the state estimation process. In this 
paper the way of corporation the PMU data to the conventional 
measurements and a linear formulation of the state estimation 
using only PMU measured data are investigated. Six cases are 
tested while gradually increasing the number of PMUs which are 
added to the measurement set and the effect of PMUs on the 
accuracy of variables are illustrated and compared by applying 
them on IEEE 14, 30 test systems. 
Keywords-conventional state estimation; hybrid state 
estimation; linear formulation; phasor measurement unit 
I.  INTRODUCTION  
State estimation is a key element of the online security 
analysis function in modern power system energy control 
centers. The function of state estimation is to process a set of 
redundant measurements to obtain the best estimate of the 
current state of a power system. State estimation is traditionally 
solved by the weighted least square algorithm with 
conventional measurements such as voltage magnitude, real 
and reactive power injection, real and reactive power flow [1]. 
Recently, synchronized phasor measurement techniques based 
on a time signal of the GPS (Global Positioning System) are 
introduced in the field of power systems. A PMU, when placed 
at a bus, can measure the voltage phasor at the bus, as well as 
the current phasors through the lines incident to the bus. It 
samples the ac voltage and current waveforms while 
synchronizing the sampling instants with a GPS clock. The 
computed values of voltage and current phasors are then time-
stamped and transmitted by the PMUs to the local or remote 
receiver [2]-[4]. The traditional state estimation is by nature a 
nonlinear problem. The most commonly used approach is 
Weighted Least Squares which converts the nonlinear 
equations into the normal equations by using first-order Taylor 
series. However, the state estimation equations for PMU 
measurements are inherently linear equations. Some research 
has been conducted to try to formulate the mixed set of 
traditional and PMU measurements. The natural approach is to 
treat PMU measurements as additional measurements to be 
appended to traditional measurements, which causes the 
additional computation burden of calculation. Another 
approach is to use the distributed scheme for the mixed state 
estimation [5-9]. The problem of finding optimal PMU 
locations for power system state estimation is well investigated 
in the literature [10]–[13]. This paper shows the effect of 
PMUs on the accuracy of the estimated variables. Six cases are 
tested by gradually increasing the PMU numbers and applying 
them on IEEE 14, 30 test systems. In the first case, state 
estimation without any PMU and in the sixth case, linear 
formulation of the state estimation using only PMU measured 
data is discussed. In the other four cases, hybrid state 
estimation with different number of added PMUs to the 
conventional measurement set are tested. 
II. WEIGHTED LEAST SQUARED STATE ESTIMATION 
METHOD 
As shown “(1)”, this method minimizes the weighted sum 
of squares of the residuals 
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Where in this equation z is measurement vector, x state 
vector,  standard deviation and h is the nonlinear function 
relating measurement i to the state vector x. R is measurement 
covariance matrix is given by “(2)”. 
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At the minimum value of the objective function, the first-
order optimality conditions have to be satisfied. These can be 
expressed in compact form as follows: 
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The nonlinear function )(xg  can be expanded into its 
Taylor series around the state vector kx neglecting the higher 
order terms. An iterative solution scheme known as the Gauss-
Newton method is used to solve “(3)”: 
   )(.)( 11 kkkk xgxGxx     (5) 
Where, k is the iteration index and kx is the solution vector 
at iteration k. )( kxG is called the gain matrix, and expressed by: 
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These iterations are going on until the maximum variable 
difference satisfies the condition, '  kxMax '. Consider a 
system having (N) buses; the state vector will have (2N-1) 
components which are composed of (N) bus voltage 
magnitudes and (N-1) phase angles. 
III. CONVENTIONAL STATE ESTIMATION 
There are three most commonly used measurement types in 
conventional state estimation. They are bus power injections, 
line power flows and bus voltage magnitudes. These 
measurement equations can be expressed using the state 
variables. Jacobian matrix H has rows at each measurement 
and columns at each variable. Considering “(4)”, power 
injection and power flow in Fig. 1, H matrix components 
corresponding to these measurements are partial derivation of 
each variable [14]. 
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In this matrix  and V are state variables, iP and iQ  are 
real and reactive power injection at bus i. ijP , ijQ are real and 
reactive power flow from bus i to bus j. In this condition of 
estimation, relation between measurement data and state 
variables are nonlinear and its final solution depend on an 
iterative solution scheme expressed “(5)”. 
IV. HYBRID STATE ESTIMATION 
One PMU can measure the voltage and the current phasors. 
The equivalent  model of the line connecting buses i and j 
with assumption of a PMU connected to bus i is shown in Fig. 
1. 
 If ijijij jbgY   is defined as the series admittance and 
sisisi jbgY   as the shunt admittance, current phasor 
measurements can be written in rectangular coordinates as 
shown in Fig. 1. The expressions for ijC and ijD are: 
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Figure 1.  Transmission Line Model 
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The entries of the measurement Jacobian H corresponding 
to the real and reactive parts of the current phasors are: 
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The measurement vector z contains , ijC and ijD as well 
as the power injections, power flows and voltage magnitude 
measurements. 
 


 Tij
T
ij
TTT
flow
T
flow
T
inj
T
inj DCVQPQPZ ,,,,,,,   
Generally, those measurements received from PMUs are 
more accurate with small variances compared to the variances 
of conventional measurements. Therefore, including PMU 
measurements is expected to produce more accurate estimates. 
V. LINEAR FORMULATION OF STATE ESTIMATION USING 
ONLY PMUS 
If the measurement set is composed of only voltage and 
current measured by PMUs, the state estimation can be 
formulated as a linear problem. The state vector and 
measurement data can be expressed in rectangular coordinate 
system. As shown in Fig. 1 a PMU located at bus i measured 
voltage iV  and line current ijI . The voltage measurement 
( iii VV  ) can be expressed as ( iii jFEV  ), and the 
current measurement can be expressed as ( ijijij jDCI  ). In 
this condition of estimation, measurement vector z and sate 
vector x are: 
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In Fig. 1, line current flow ijI can be expressed as a linear 
function of voltages. 
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Jacobian matrix H components are expressed by  
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Then, the estimated value ii FjEx ˆˆˆ   can be obtained by 
solving the linear equation below: 
 zRHHRHx TT ˆ)(ˆ 111    
This is very simple and fast, because it doesn't need any 
iteration. In addition covariance matrix R in “(31)” is very 
smaller than covariance matrix of conventional measurement, 
so the estimated variables are very accurate. 
VI. SIMULATION RESULTS 
To investigate the effect of PMUs on the accuracy of 
estimated variables, several cases are tested with different 
number of added PMUs to the conventional measurement set. 
Two different IEEE test systems (IEEE 14, IEEE 30 bus 
system) are tested with 6 different cases which are shown in 
table I. Fig. 2 and Fig. 3 show the network diagrams for each 
system. Arrow with circle at the bus means a pair of real and 
reactive power injection measurements and any point on the 
transmission line; it means a pair of real and reactive power 
flow measurements. 
TABLE I.  SIX DIFFERENT CASES BY ADDING PMUS 
Case 1 Conventional Measurements with No PMUs 
Case 2 Conventional Measurements with PMUs of (10% of bus number) 
Case 3 Conventional Measurements with PMUs of (20% of bus number) 
Case 4 Conventional Measurements with PMUs of (30% of bus number) 
Case 5 Conventional Measurements with PMUs of (40% of bus number) 
Case 6 Only Minimum PMUs 
 
 
 
Figure 2.  IEEE14 Bus System Diagram with Conventional Measurements  
 
 
Figure 3.  IEEE30 Bus System Diagram with Conventional Measurements 
Each network has a voltage magnitude measurement 
connected to bus 1. Table II has more detailed information 
about the conventional measurement set installed in the 
networks. 
The setting of error standard deviations for power injection, 
power flow and voltage magnitude are 0.01, 0.08 and 0.04 
respectively. A PMU has much smaller error deviations than 
other conventional measurements as 0.00001. PMUs are 
located at buses 2, 6, 7 and 9 in IEEE 14 bus system, and at 
buses 3, 5, 6, 9, 10, 12, 19, 23, 25 and 29 in IEEE 30 bus 
system at case 6 [10]. One of the ways of representing the level 
of state estimation accuracy is to refer the covariance of the 
estimated variables. The covariance of the estimated variable 
vector is obtained from the inverse diagonal elements of gain 
matrix. The accuracy of two variables (voltage magnitude, 
voltage angle) is investigated separately. Fig. 4 and Fig. 5 show 
the accuracy of the estimated voltage magnitudes of each 
system. Fig. 6 and Fig .7 show the accuracy of the estimated 
voltage angles of each system. 
TABLE II.  VARIABLE NUMBERS, MEASUREMENT TYPE AND NUMBERS 
Measurements 
Network Variables Power 
injection 
Power 
flow 
Voltage 
magnitude Total 
IEEE 14 bus 
system   27  18  24 1 43 
IEEE 30 bus 
system 59 38  56 1 95 
 
 
Figure 4.  Accuracy of |V| of IEEE14 Bus System with PMUs 
 
 
Figure 5.  Accuracy of |V| of IEEE30 Bus System with PMUs 
 
 
Figure 6.  Voltage Angle Accuracy of IEEE14 Bus System with PMUs 
 
 
Figure 7.  Voltage Angle Accuracy of IEEE30 Bus System with PMUs 
These figures show the effect of the PMUs on the accuracy 
of the estimated variable. Average valued S.D. (Standard 
Deviation) of each variable and their percentage values are 
shown in tables III and IV. The percentage values in these 
tables mean that how the S.D. values at each cases are 
decreased compared to the S.D. of ‘Case 1’ which is forced to 
be set as 100%. In case of ‘Only PMUs’, it becomes nearly 
zero. Average valued S.D. of voltage magnitude and voltage 
angle are shown in Fig. 8 and Fig. 9 respectively. 
TABLE III.  AVERAGE ERROR STANDARD DEVIATIONS OF THE VOLTAGE 
MAGNITUDE 
IEEE 30 Bus IEEE 14 Bus 
Percentage Average Error S.D. Percentage 
Average 
Error S.D. 
cases 
100%  0.0046548  100%  0.0043741  No  PMUs 
22.43%  0.0010444  19.31%  0.0008449  10% PMUs 
10.70%  0.0004986  3.95%  0.0001727  20% PMUs 
6.96%  0.0003240  3.42%  0.0001497  30% PMUs 
6.94%  0.0003229  1.85%  0.0000810  40% PMUs 
0.09%  0.0000042  0.13%  0.0000055  Only PMUs 
 
TABLE IV.  AVERAGE ERROR STANDARD DEVIATIONS OF THE VOLTAGE 
ANGLE 
IEEE 30 Bus IEEE 14 Bus 
Percentage Average Error S.D. Percentage 
Average 
Error S.D. 
cases 
100%  0.0030143  100%  0.0023332  No  PMUs 
33.98%  0.0010244  35.56%  0.0008298  10% PMUs 
16.3%  0.0004918  6.66%  0.0001555  20% PMUs 
10.56%  0.0003182  5.62%  0.0001311  30% PMUs 
10.52%  0.000317  2.65%  0.0000618  40% PMUs 
0.11%  0.0000032  0.11%  0.0000027  Only PMUs 
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Figure 8.  Average Voltage Magnitude Standard Deviation of Two Systems 
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Figure 9.  Average Voltage Angle Standard Deviation of Two Systems 
VII. CONCULTION 
In this paper the way of incorporating the PMU data to the 
conventional measurements set is discussed. It is expected that 
those PMU measured data improve the measurement 
redundancy and accuracy, due to the small error standard 
deviations of PMU. A linear formulation of the state estimation 
is investigated using only PMU measured data. This linear 
formulation of the PMU data can produce the estimation result 
by a single calculation not requiring any iteration. Six cases are 
tested while gradually increasing the number of PMUs which 
are added to the measurement set by applying them on IEEE 
14, 30 test systems. With the help of advanced accuracy of 
PMU, it was seen that the estimated accuracy is also gradually 
increase. One of the interesting thing is that the accuracy of 
estimated variables improves most effectively when the 
number of implemented PMUs are around ‘10%’ of the system 
buses. 
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